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e SA can be viewed as RO.

shakedown analysis (SA)
robust optimization (RO)

convex optimization

e second-order cone programming (SOCP)

e semidefinite programming (SDP)

e Yamaguchi & K. “Ellipsoidal load-domain shakedown analysis with von Mises yield
criterion: a robust optimization approach.” Int. J. Numer. Methods Eng., to appear.
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second-order cone programming (SOCP)

e linear programming (LP):

Minimize c'x
subjectto a'x+b; >0 (=1,...,m)
e SOCP:
Minimize c'x

subject to

a'x+b;>||Px+q,

i=1,...,m)
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second-order cone programming (SOCP)

e linear programming (LP):

Minimize c'x
subjectto a'x+b; >0 (=1,...,m)
e SOCP:
Minimize c'x
subjectto a'x+b; > ||Px+gql (i=1,...,m)

» ageneralization of LP
o SOC:
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second-order cone programming (SOCP)

e linear programming (LP):

Minimize c'x
subjectto a'x+b; >0 (=1,...,m)
e SOCP:
Minimize c'x
subjectto a'x+b; > ||Px+gql (i=1,...,m)

convex optim.
e including LP, QP, etc.
o LP: P; = O

solvable with a primal-dual interior-point method

many applications in computational plasticity
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semidefinite programming (SDP)

m
Minimize Z Cix;

i=1

subject to Z x;A; + B> O : positive semidefinite (©)

=l

e Ay,...,A,, B: constant symmetric matrices
e (¢) & all eigenvalues >0

e convex optim.
including SOCP, LP, QP, etc.
e LP:A,,... A, Bare diagonal

e solvable with a primal-dual interior-point method
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semidefinite programming (SDP)

m
Minimize Z Cix;

i=1

subject to Z x;A; + B> O : positive semidefinite (©)

i=1

e many applications

» system & control theory (linear matrix inequality)
e machine learning

e quantum chemistry

» relaxations of combinatorial optim.

o struct. optim.
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SOCP in plasticity

e LA, SA (w/ a polyhedral load-domain), incremental analysis

von Mises
[Bisbos, Makrodimopoulos, & Pardalos '05], [Yonekura & K. '12]

Drucker—Prager, llyushin [Makrodimopoulos '06]

modified Cam-clay model
[Makrodimopoulos & Martin ’07], [Krabbenhgft & Lyamin ’12]

Gurson’s model for a porus material [Trillat & Pastor '05]

2D Mohr—Coulomb (in plane strain), Nielsen (for a plate)
[Makrodimopoulos & Martin ‘06, '07]

2D Mohr—Coulomb (in axisymmetric state) [Tang, Toh, & Phoon '14]

Bingham, Herschel-Bulkley yield stress fluids
[Bleyer, Maillard, de Buhan, & Coussot ’15]
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SDP in plasticity

e LA, SA (w/ a polyhedral load-domain), incremental analysis
o TJresca [Bisbos '07], [Bisbos & Pardalos '07]

o Mohr—Coulomb [Bisbos ’07], [Bisbos & Pardalos '07]
[Krabbenhgft, Lyamin, & Sloan '07, '08], [Martin & Makrodimopoulos '08]
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robust optimization (RO)

feasible set

opt. sol.

e nominal (i.e., conventional) optim.:

Min. c¢'x
s.t. Ax<b
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robust optimization (RO)

feasible set

N
\ay
N —_— = 1 ZA -

e A7
P\ \ < K~
NS =
“< \
nom. opt. sol.
opt. sol. of (RO)

opt. sol.

e nominal (i.e., conventional) optim.:
Min. c¢'x
s.t. Ax<b
e robust optim.:
Min. c¢'x
s.t. A@Dx<bz) (V7€) {0
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robust optimization

nominal
constraint

robust
N\ constraint

feasible set

= — 7]
\ \ > - — Bt
1 el Y.or

N B
oS 4’ 4 \
nom. opt. sol.

opt. sol. of (RO)

opt. sol.

o “feasible set of L.H.S. is convex”
= “feasible set of R.H.S. is convex”

e . The intersection of convex sets is convex.

e |n some cases, infinitely many constraints on R.H.S. can be reduced
to finitely many constraints.

» The difficulty of (RO) depends on the uncertainty model and the
nominal constraint form.
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robust constraint

e nominal (i.e., conventional) constraint:

gi(x) <0

e uncertainty in the constraint fnctn.:

gi(xa z)a Z € 7/[

e Z . uncertain parameter

o U : setofz
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robust constraint

e nominal (i.e., conventional) constraint:

gi(x) <0

e uncertainty in the constraint fnctn.:

gi(x,2), z€U

Z . uncertain parameter

U : setofz

e robust cstr.:

gi(x,2) <0 (VzeU)

)
max{g;(x,z) | z€ U} <0
. cstr. in the worst-case scenario

Y. Kanno (ETAMM 2016)



shakedown analysis (SA) and robust optimization (RO)

e a viewpoint:
o LA is optim.

o SA is robust optim.

Y. Kanno (ETAMM 2016)



shakedown analysis (SA) and robust optimization (RO)

e a viewpoint:
LA is optim.
SA is robust optim.

e load Ap + g (4 : load multiplier)
LA

e p and g are data (const.).

e Find maximum A such that the structure can sustain.

SA
e pis uncertain (varies).
o All p € V with given ‘V are considered.

e Find maximum A such that the structural response can
converge to purely elastic one.

Y. Kanno (ETAMM 2016)



illustrative ex. of shakedown

e load: Ap + g withpeV
f

O
ex.) A =1.2
o) o2
/ [T
O € O €
shakedown not shakedown

e [n this ex., “1.0 < shakedown factor < 1.2”.
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intuitive understanding

o LA
load Ap + g (w/ constant p and q)

maximize the magnitude of a load lying inside the yield surface

A

Y. Kanno (ETAMM 2016)



intuitive understanding

e SA
load Ap + g (w/ any p € V)

maximize the size of a load domain lying inside the yield surface

e ex.) Suppose that the load domain V is a square centered at q.

Y. Kanno (ETAMM 2016)



lower-bound theorems

e LA
Max. A
s. t. Z Ho, =Ap+q (force-balance eq.)
[=1
flo) <0 (yield cond.)

o 0, stress
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lower-bound theorems

e LA
Max. A
s. t. Z Ho, =Ap+q (force-balance eq.)
[=1
flop) <0 (yield cond.)
e SA
Max. A
s.t. ) Hir=0 (self-equilibrium)
=1
f(oAp+q)+r)<0 (VpeV) (yield cond.)

o o, stress, r;: residual stress

o 0/(q) : elastic stress due to load ¢q
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lower-bound theorems

e LA < optimization

Max. A
s. t. Zr: Ho, =1Ap +q (force-balance eq.)
Jl:(lm) <0 (yield cond.)
e SA < robust optimization
Max. A
s. t. Zr: Hr; =0 (self-equilibrium)
]lﬂ:(lffz(/lp +q)+r)<0 (VpeV) (yield cond.)

o 0;: stress, r;: residual stress

o 0,(q) : elastic stress due to load ¢q

Y. Kanno (ETAMM 2016)



yield criterion, load set, & SA

e Difficulty of SA depends on YC and load set V.

e piecewise-linear YC

o SA — max. of load multiplier A

AV +q

Y. Kanno (ETAMM 2016)



yield criterion, load set, & SA

e Difficulty of SA depends on YC and load set V.

e piecewise-linear YC

Vis a polytope = SA = linear programming (LP)

AV +q

e All vertices of ‘V should lie inside the yield surface.

e Enumerating YCs at all vertices resultsin LP.  [Maier '69], etc.
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yield criterion, load set, & SA

e Difficulty of SA depends on YC and load set V.

e nonlinear convex YC

Vis a polytope = SA = convex optimization
A

//

/q

AV +q

/ >
e All vertices of ‘V should lie inside the yield surface.
e Enumerating YCs at all vertices results in convex optimization.

[Bisbos, Makrodimopoulos, & Pardalos '05]
[Makrodimopoulos ’06], [Bisbos '07]
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yield criterion, load set, & SA

e Difficulty of SA depends on YC and load set V.

e piecewise-linear YC

“V is an ellipsoid.
A

AV +q

e [nfinitely many vertices!
e SAis “robust LP”.

e But, SA can be reduced to LP. [Bisbos & Ampatzis '08]

Y. Kanno (ETAMM 2016)



[Bisbos & Ampatzis ’08]

e constraint for SA (linear yield criterion):

al Ap+r)<b; (VpeV) (9)
«— robust linear inequality constraint

e A : load multiplier
e p: variable load
e r; . residual stress
e a;, b, . const.

Y. Kanno (ETAMM 2016)



[Bisbos & Ampatzis ’08]

e constraint for SA (linear yield criterion):

alT(/lp + I’l) < bi (Vp € (V) (0)

e ellipsoidal variable-load set:

V=1{0zlllzll < 1}
— use a technique in RO

e A : load multiplier
e p: variable load
e r; . residual stress
e a;, b, . const.

Y. Kanno (ETAMM 2016)



[Bisbos & Ampatzis ’08]

e constraint for SA (linear yield criterion):

a (Ap+r)<b; (VpeV) ()

e ellipsoidal variable-load set:

V=10z|llzll < 1}

e robust constraint:

(¢) << max{a; (10z+r) |zl <1} < b (4)

e elimination of z:

L.H.S. of (#) = Amax{z' (Q'a)) | ||zl £ 1} + a/r,
=AlQ"all +a;r
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[Bisbos & Ampatzis ’08]

e constraint for SA (linear yield criterion):

a (Ap+r)<b; (VpeV) ()

e ellipsoidal variable-load set:

V=10z|llzll < 1}

e robust constraint:

(¢) << max{a; (10z+r) |zl <1} < b (4)

e elimination of z:
L.H.S. of (#) = Amax{z' (Q'a)) | ||zl £ 1} + a/r,
=AlQ"all +a;r

result (lin. ineq. w.r.t. A & r)):

(©) & AQ'all+a'r <b

Y. Kanno (ETAMM 2016)



e von Mises yield criterion

“V is an ellipsoid.
A

//

AV+q

/ >
e “curved yield criterion” & “curved load set”

e [nfinitely many vertices!

e SAis “robust SOCP”.

e SA can be reduced to SDP. [Yamaguchi & K. '16]

Y. Kanno (ETAMM 2016)



robust second-order cone constraint

e atheorem in RO:

) ()
@ Ax +b+Czll<d (Vz:|zl| < 1)

)

I C Ax+D|
(b)dreR: Tl O IS p.s.d.
(symm.) d*>— 1|
Ben-Tal, El Ghaoui, Nemirovski: Robust Optimization (2009).
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robust second-order cone constraint

e atheorem in RO:

(*) (9)
@ Ax +b+Czll<d (Vz:|zl| < 1)

)

I C Ax+D|
(b)dreR: Tl O IS p.s.d.
(symm.) d*>— 1|
Ben-Tal, El Ghaoui, Nemirovski: Robust Optimization (2009).

e The theorem can be shown by using “S-lemma”:

© ®
(a) ;TUy >0 = ;TVy > ()
g

(b)dw >0: V-wU is p.s.d.

asm.: U and V are symmetric matrices, and U has at least one
pOSitive eigenvalue. Y. Kanno (ETAMM 2016)



robust second-order cone constraint

e atheorem in RO:

(%)

)

I
(b) dr e R :

(symm.)

(©)

@ Ax +b+Czll<d (Vz:|zl| < 1)

C Ax+b
7l 0, IS p.s.d.
i T

Ben-Tal, El Ghaoui, Nemirovski: Robust Optimization (2009).

e [n SA,
» (%) © yield criterion (von Mises)

e Xx & residual stress

s Cz with () & Ap with “p € (an ellipsoid)’
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robust second-order cone constraint

e atheorem in RO:

(*) (9)
@ Ax +b+Czll<d (Vz:|zl| < 1)

)

I C Ax+D|
(b)dreR: Tl O IS p.s.d.
(symm.) d*>— 1|
Ben-Tal, El Ghaoui, Nemirovski: Robust Optimization (2009).

e |[n SA,
(%) < vyield criterion (von Mises)
x < residual stress
Cz with (©) & Ap with “p € (an ellipsoid)”

e Consequently, SA can be reduced to SDP.
— solvable with an interior-point method

Y. Kanno (ETAMM 2016)



SDP for SA

e SA w/ infinitely many constraints (robust SOCP):

Max. A

.
. t. Z Hir, =0,
I=1

TS Ap+ @+l <R (VpelF@: 6l <1, [=1,...,r
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SDP for SA

e SA w/ infinitely many constraints (robust SOCP):

Max. A

.
S. t. Z Hir; =0,
I=1

TS Ap+ @+l <R (VpelF@: 6l <1, [=1,...,r

e SDP formulation:
Max. A

r
S. L. Zlel = 0,
=1

/ AT S | F T(l’l + Slq)—
7,1 O >0, [=1,...,r.
[(symm.) R — 7

e variables: 4, r;, 1;

Y. Kanno (ETAMM 2016)



motivations of ellipsoidal load-set (1/2)

e link w/ probability distribution
less informative than a full prob. distr.

For the load vector, assume:

e ¢ : mean vector

e X' . covariance matrix

then,

o Ap+ g with p € {220 |0|| < 1} can be a load model.
Indeed,

e if the load has the multivaluated normal distr., probabillity is
given by £;(12).
o (1% : density fnctn. of y*-distr. with 4 DOF.
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motivations of ellipsoidal load-set (2/2)

e box load-set Vi, = {FO | |0]| < 1} [Simon & Weichert '12], etc.

e vertices of Vi«

k-dim.
l

N 2% vertices
2% vertices 27 vertices
e The von Mises yield criterion is SOCP representable.

Enumerating YCs at all vertices of V. resultsin SOCP for SA.
(# of SOC constraints) = 2*x (# of Gauss points)
«— exponentially-large SOCP

e |f we approximate V,,x by an ellipsoid,

SDP for SA has r positive semidefinite cstr. w/ (k + 7)-dim.
«— linearly-increasing w.r.t. k

Y. Kanno (ETAMM 2016)



e Melan’s (lower bound) shakedown theorem

» robust optimization

e new result:
o von Mises yield criterion, ellipsoidal load-domain

e robust SOCP — equivalent SDP
(intractable) (tractable)

e existing results:
o piecewise-linear y.c., polyhedral I.d. / ellipsoidal |.-d.

e robust LP — equivalent LP

e convex y.c., polyhedral |.d.

e robust convex prog. — equivalent convex prog.

e for von Mises: robust SOCP — equivalent SOCP

Y. Kanno (ETAMM 2016)
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